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A CLASS OF COMPACT POINCARE´-EINSTEIN
MANIFOLDS: PROPERTIES AND CONSTRUCTION
A. ROD GOVER AND FELIPE LEITNER
Abstract. We develop a geometric and explicit construction principle
that generates classes of Poincare´-Einstein manifolds, and more gener-
ally almost Einstein manifolds. Almost Einstein manifolds satisfy a gen-
eralisation of the Einstein condition; they are Einstein on an open dense
subspace and, in general, have a conformal scale singularity set that
is a conformal infinity for the Einstein metric. In particular, the con-
struction may be applied to yield families of compact Poincare´-Einstein
manifolds, as well as classes of almost Einstein manifolds that are com-
pact without boundary. We obtain classification results which show
that the construction essentially exhausts a class of almost Einstein
(and Poincare´-Einstein) manifold. We develop the general theory of
fixed conformal structures admitting multiple compatible almost Ein-
stein structures. We also show that, in a class of cases, these are canon-
ically related to a family of constant mean curvature totally umbillic
embedded hypersurfaces.
1. Introduction
On a compact manifold Md with boundary, a metric go on the interior
Mo of M is said to be conformally compact if go = s−2g where g is non-
degenerate up to the boundary ∂M and s is a defining function for ∂M . If
also go is Einstein then the structure is said to be Poincare´-Einstein (PE).
The term asymptotically hyperbolic Einstein is also used for these structures
which were introduced by Fefferman and Graham in [24] in connection with
their ambient metric, and as a tool for studying the conformal geometry of
the boundary. The relationship between that conformal structure and the
geometry of the Riemannian interior has recently been studied intensively
using spectral and scattering tools [25, 41, 42, 47, 56], and related formal
asymptotics [1, 20, 26, 38]; some of these treat structures which are suitably
asymptotically PE. This relationship is the geometric problem underlying
the so called AdS/CFT correspondence of String Theory [51, 57].
The model of a PE manifold is the hyperbolic ball Hd and this yields a
large class of further examples via its quotients Γ\Hd, where Γ is a convex
cocompact discrete isometry group. There are also various specific examples
known in the literature, some of these are catalogued in the work [7] and
among these are examples which are not locally conformally flat. Anderson
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has rather general existence results in dimension 4 [8]; this extends his ear-
lier works [5, 6]. There are now some rather powerful results available for
constructing PE metrics beginning with known ones; in particular through
perturbing known examples [39, 12, 46], and via Maskit combinations [52].
Here we describe a product based construction principle for construct-
ing Poincare´-Einstein manifolds. In fact Poincare´-Einstein manifolds are a
subclass of the so-called almost Einstein (AE) manifolds as in [30, 32, 33]
and the construction applies to this broader setting. Apart from the ex-
amples of PE manifolds and Einstein manifolds, almost Einstein structures
arise naturally on certain classes of Fefferman spaces [49] (see also [19])
and in the constructions and classifications by Derdzinski and Maschler of
Ka¨hler metrics which are “almost everywhere” conformal to Einstein by a
non-constant rescaling factor, see e.g. [21, 22] and references therein. The
construction we develop enables the proliferation of a variety of classes of
examples, and in particular examples of compact PE manifolds and closed
(i.e. compact without boundary) AE manifolds. Warped products are well
established as a tool for the construction of Einstein metrics [11, 54]. The
construction here may be viewed as generalising, or extending, a class of
generalised warped products. This extension is made transparent through
the fundamental relationship between (almost) Einstein structures and the
prolonged differential system captured by the conformal tractor connection.
Among the simplest examples, we obtain almost Einstein structures on the
sphere products S2 × S1 and S3 × S1, manifolds well known to not admit
Einstein metrics [11].
In [34] for appropriate products of Einstein manifolds we describe the ex-
plicit construction of Poincare´-Einstein collar metrics which have the given
product as conformal infinity. One may ask which of these may be compact-
ified, that is, which may be embedded into compact PE manifolds. This is
essentially answered here in the classification results of Section 4. We show
in Corollary 4.4 that a class of these collars may not be compactified. The
remainder, at least given some assumptions concerning simple connectivity,
will be seen to arise as conformal infinity neighbourhoods of the examples
of Section 3.2, see Theorem 4.5.
All constructions in the following will be on Riemmanian manifolds (M,g)
and Riemannian signature conformal manifolds (M, c) (where c is an equiv-
alence class of Riemannian metrics, each pair related by rescaling by a pos-
itive function). Many of the statements hold true in other signatures but
to simplify the exposition we shall simply avoid this point. Recall that on
(Md, g), with d ≥ 3, the Schouten tensor P is the trace modification of the
Ricci tensor Ric which satisfies Ric = (d− 2)P + gJ , where J is the metric
trace of P . (Until further notice we shall restrict to manifolds of dimension
d ≥ 3.) We will say that (M,g, s) (or really this modulo an equivalence re-
lation, see Section 2.2) is a directed almost Einstein structure if s ∈ C∞(M)
is a non-trivial solution to the equation
(1) trace− free(∇g∇gs+ sP g) = 0.
In [32] we see that Poincare´-Einstein manifolds are a special class of di-
rected AE manifolds. On the other hand, from the following result we see
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that a large class of directed AE manifolds are necessarily boundary gluings
of PE manifolds.
Theorem 1.1. [33] Let (Md, g, s) be a directed almost Einstein structure
with g positive definite and M connected. Then writing Σ for the zero set
of s, M \ Σ is an open dense set and on this go = s−2g is Einstein with
Ric = (d − 1)Sg. According to the sign of the constant S = S(g, s), there
are three cases:
• If S > 0 then the scale singularity set Σ is empty.
• If S = 0 then Σ is either empty or otherwise consists of isolated points
and these points are critical points of the function s.
• If S < 0 then Σ is either empty or else is a totally umbillic smooth hyper-
surface. In particular on closed (i.e. M compact without boundary) S < 0
almost Einstein manifolds, with Σ 6= ∅, a constant rescaling of s normalises
S to −1, and then (M \M−) is a finite union of connected Poincare´-Einstein
manifolds. Similar for (M \M+). Here M± is the open submanifold where
s is positive, respectively, negative.
Much more can be said about the scale singularity set Σ (the conformal
infinity of the structure) and its relation to the ambient geometry. This is
one of the main directions of [33]. Here the central point is that, from the
last item of the above, constructing scalar negative directed AE manifolds
is an effective route to PE structures.
If s solves (1) then so does−s, and where s is non-vanishing these solutions
determine the same Einstein metric. We shall say that a manifold (M,g)
is almost Einstein (AE) if it admits a covering such that on each open set
U of the cover we have that (U, g, sU ) is directed almost Einstein and on
overlaps U ∩ V we have either sU = sV or sU = −sV . An AE structure will
be said to be directable if there is a directed AE structure that agrees locally
and up to sign with the given AE structure. Just as the standard conformal
sphere yields a model for all categories of directed almost Einstein structure
[33] we observe in Section 2.3 that the corresponding conformal structure
on RPd yields a model for AE structures which are not directable. These
yield further examples through the construction principle of Section 3, see
the examples of Section 3.5.
The tractor connection, due to Thomas [55], is a natural and conformally
invariant vector bundle connection equivalent (see [17]) to the normal con-
formal Cartan connection. As we shall review briefly in the next section,
parallel sections of this are in 1-1 correspondence with solutions of (1); in
fact more than this, from the construction of the tractor connection in [10]
one sees that its equation of parallel transport just is a prolonged system for
(1) (cf. [10]). So a directed AE structure is a conformal manifold equipped
with a parallel section of the (standard) tractor bundle. More generally an
AE manifold is one which admits a parallel tractor up to a sign in the obvious
way. Using this, it follows that a simply connected AE manifold necessarily
admits a directed almost Einstein structure.
Each of the closed almost Einstein spaces we construct in Section 3 admits,
locally at least, more than one linearly independent parallel tractor; i.e., the
conformal class of each admits at least two non-trivially distinct almost
Einstein structures. Following some preliminaries, in Sections 2.5 and 2.6
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we investigate the consequences of a fixed conformal structure admitting
two linearly independent parallel tractors. This is a natural extension of
the problem of conformally related Einstein structures. As in that case, we
see here that for closed manifolds the condition of multiple almost Einstein
structures is very restrictive. Let us write Kc for the vector space of parallel
tractors on a given conformal manifold (M, c). The main result of Section
2.5 is the following.
Theorem 1.2. Let (Md, c) be a closed Riemannian conformal space of di-
mension d ≥ 3 with dim(Kc) ≥ 2. Then either
(1) (M, c) is the standard sphere (Sd, [grd]), or
(2) for any K ∈ Kc r {0}, it is necessarily the case that SK < 0 and
ΣK is non-empty (and hence is a totally umbillic hypersurface in
(M, c)).
In the Theorem SK is the constant S, as in Theorem 1.1, for the almost
Einstein structure (M, c, sK) where sK is determined by the parallel trac-
tor K. Note that, in particular, excluding the round sphere, the conformal
structure of a closed Einstein manifold never admits a proper directed al-
most Einstein structure, meaning one with a non-trivial conformal infinity.
Equivalently, and again excepting the sphere, on a closed manifold a proper
directed almost Einstein structure does not have an Einstein metric in the
conformal class. This is part of a picture which indicates that proper almost
Einstein structures have in a sense “the same status” as Einstein structures.
It turns out that more can be said about the structure of the scale singu-
larity sets when dim(Kc) ≥ 2.
Theorem 1.3. Let (Md, c) be a Riemannian conformal space of dimension
d ≥ 3. If K1,K2 ∈ Kc are linearly independent with SK2 < 0 and ΣK2 6= ∅,
then on M \ΣK1 ΣK2 (is totally umbillic and) has constant mean curvature
with respect to the Einstein metric go determined by K1. If the tractors K1
and K2 are orthogonal then ΣK2 is minimal (and hence totally geodesic)
with respect to the Einstein metric go.
We shall prove this in Section 2.6. Related to this we shall see that in
fact there is a generalised notion of mean curvature which extends to the
conformal infinity ΣK1 (in the case this is not empty) and this is closely
linked to the scalar curvature quantity SK1 .
Given two Einstein manifolds (M1, g1) and (M2, g2), if there is a suit-
able relationship between the scalar curvatures of each, then we term the
product (M,g) = (M1 × M2, g1 × g2) a special Einstein product. A key
observation is that, for such products, the conformal tractor connection is
a simple restriction of the direct sum connection. It is convenient for our
purposes here to see this directly via the definition and characterisation of
the tractor bundle, and this is treated in Proposition 2.13. (See also [50]
and [9] where this is observed and is seen to arise naturally in connection
with decomposable conformal holonomy. It should be noted that this result
also follows easily from the explicit Fefferman-Graham (ambient) metric
construction for special Einstein products from Theorem 2.1 of [34] via the
Fefferman-Graham metric/tractor relationship established in [18].) Using
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that the tractor connection is essentially a direct sum it follows that a spe-
cial Einstein product is almost Einstein if and only one of the factors (say
(M2, g2)) admits an almost Einstein structure linearly independent of the
declared Einstein structure (g2). Here the “linear independence” refers to
the corresponding parallel tractors. This result, Theorem 3.1, is the basis of
the construction principle. Also important in this respect is that if one of
the factors has a proper almost Einstein structure then the corresponding
AE structure on the product is also proper and the singularity set is easily
understood, see Corollary 3.2. Away from the singularity set the Einstein
metric go (notation as in Theorem 1.1) is a generalised warped product
metric of the form (16). Thus the construction here of almost Einstein man-
ifolds may be viewed as an extension or generalisation of the construction
of Einstein manifolds by (suitable) warped products of this form.
The construction via Theorem 3.1 of almost Einstein manifolds that are
proper and closed is particularly interesting since then we also obtain com-
pact Poincare´-Einstein spaces via Theorem 1.1. On the other hand the
possibilities are limited by Theorem 1.2; for the construction of directed
AE special Einstein products one of the factors must be a sphere. Thus
the classes of examples developed in Sections 3.2 through to Section 3.4
are exhaustive. Section 3 concludes with some non-directed almost Einstein
structures; note that example 3.5 with m1 = 1 shows that any compact Ein-
stein manifold arises as the conformal infinity of a closed almost Einstein
manifold. The examples 3.2 give closed conformal manifolds admitting mul-
tiple compatible directed AE structures. Generically for these examples the
scale singularity sets of the linearly independent parallel tractors intersect.
When this happens, if we pick one of these to determine the Einstein metric
go then any other gives a totally umbillic hypersurface (of constant mean
curvature in the sense Theorem 1.3) that meets the conformal infinity of go
in a totally umbillic hypersurface (or in isolated double points), see Proposi-
tion 2.12. Since this is a way of generating minimal submanifolds that meet
conformal infinity it seems that these may be interesting models for branes
and the study of their asymptotics (cf. [4, 40]).
2. Conformal Geometry, tractor calculus and almost Einstein
structures
2.1. The conformal tractor bundle. LetMd be a smooth manifold. Un-
til further notice the dimension d is at least 3. It will be convenient to
use some standard structures from conformal geometry, further details and
background may be found in [18, 35]. Recall that a (Riemannian) confor-
mal structure on M is a smooth ray subbundle Q ⊂ S2T ∗M whose fibre
over p ∈ M consists of conformally related positive definite metrics at the
point p. Sections of Q are metrics g on M . So we may equivalently view
the conformal structure as the equivalence class c = [g] of these conformally
related metrics. The principal bundle pi : Q → M has structure group R+,
and so each representation R+ ∋ t 7→ t
−w/2 ∈ End(R) induces a natural line
bundle on (M, c) that we term the conformal density bundle E [w]. We write
Ea as an abstract index notation for the tangent bundle TM and similarly
Ea is an alternative notation for the cotangent bundle T
∗M . In general each
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vector bundle and its space of smooth sections will be denoted by the same
notation.
We write g for the conformal metric, that is the tautological section of
S2T ∗M [2] := S2T ∗M ⊗ E [2] determined by the conformal structure. This
will be henceforth used to identify TM with T ∗M [2]. For example, with
these conventions the Laplacian ∆ is given by ∆ = −gab∇a∇b = −∇
b∇b
where ∇ (or sometimes we will write ∇g) is the Levi-Civita connection for
some choice of metric g from the conformal class. Note E [w] is trivialised
by a choice of metric, and we write ∇ (or again sometimes ∇g) for the con-
nection corresponding to this trivialisation. It follows immediately that the
(coupled) connection ∇a preserves the conformal metric and so the canon-
ical conformal volume form (of conformal weight n) is also parallel for ∇a.
The conformal metric g and its inverse will henceforth be the default object
used to contract indices on tensors even when we have fixed a metric from
the conformal class.
The Riemann curvature tensor Rab
c
d is given by
(∇a∇b −∇b∇a)V
c = Rab
c
dV
d where V c ∈ Ec.
This can be decomposed into the totally trace-free Weyl curvature Cabcd and
the symmetric Schouten tensor Pab according to
Rabcd = Cabcd + 2gc[aPb]d + 2gd[bPa]c.
Changing to a conformally related metric ĝ = e2ωg (ω a smooth function)
one finds the Weyl tensor is conformally invariant Ĉab
c
d = Cab
c
d, whereas
the Schouten tensor transforms to
(2) P̂ab = Pab −∇aΥb +ΥaΥb −
1
2Υ
cΥcgab,
where Υ := dω.
For a given choice of metric g, the (standard) tractor bundle T , or using
an abstract index notation EA, may be identified with a direct sum
T = EA
g
= E [1] ⊕ Ea[1]⊕ E [−1].
Thus a section U of T may be identified with a triple (σ, µa, ρ); when it
is understood that a metric g has been fixed we will write simply UA =
(σ, µa, ρ). Conformally transforming, as above, gives a different isomor-
phism, which is related to the previous by the transformation formula
(3) ̂(σ, µb, ρ) = (σ, µb + σΥb, ρ− g
bcΥbµc −
1
2σg
bcΥbΥc).
It follows that T invariantly has a composition structure
T = E [1] +
✞
✝ Ea[1] +
✞
✝ E [−1];
E [−1] may be identified with a subbundle of T and Ea[1] is a subbundle of the
quotient bundle T /E [−1]. From (3) one also sees that the map EA → E [1]
is conformally invariant and may be regarded as a preferred section XA
of EA[1] so that, with U
A as above, we have σ = UAXA. This section
also describes the invariant injection E [−1] → EA according to ρ 7→ ρXA.
In computations, it is often useful to introduce the remaining ‘projectors’
ZAa : E
A → Ea[1] and YA : E
A → E [−1]. which are determined by a choice
of scale. For calculations it is useful to view these as sections ZAa ∈ EAa[1]
and YA ∈ EA[−1], where EAa[w] = EA ⊗ Ea ⊗ E [w], and so forth.
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We describe any tensor product (or symmetric tensor product etcetera)
of the tractor bundle and its dual as tractor bundles. If such a bundle is
tensored with some bundle of densities E [w] then we shall describe the result
as a weighted tractor bundle. Repeated (abstract) tractor indices indicate a
contraction, just as for tensor indices.
The bundle EA carries an invariant signature (d+1, 1) tractor metric hAB,
and a connection ∇a which preserves this. For U
A as above, this metric is
determined by
(4) hABU
AUB = 2ρσ + µaµa.
As a point on notation, we may also write h(U,U) for the expression in the
display. The tractor metric will be used to raise and lower indices without
further mention. In terms of the metric g from the conformal class, the
tractor connection is given explicitly by the following formula for ∇aU
B:
(5) ∇a


σ
µb
ρ

 =


∇aσ − µa
∇aµ
b + δa
bρ+ Pa
bσ
∇aρ− Pacµ
c

 .
This gives the normal tractor connection, in all statements below the trac-
tor connection may be assumed to be this one, unless otherwise stated. Of
course this may be extended to a connection on any tractor bundle in the
obvious way. The use of the same symbol ∇ as for the Levi-Civita con-
nection is intentional. More generally, we shall use ∇ to mean the coupled
Levi-Civita-tractor connection: this enables us, for example, to apply ∇ to
weighted tractor bundles or tensor-tractor. Although in this case it is not
conformally invariant it enables us to, for example, compute the covariant
derivative of the tractor projectors X, Y and Z.
As discussed in [10], there is an invariant second order operator between
weighted tractor bundles due to T.Y. Thomas,
DA : T
∗[w]→ T ∗[w − 1], T ∗ any tractor bundle,
given by
(6) DAV := (d+ 2w − 2)wYAV + (d+ 2w − 2)Z
a∇aV +X
A(∆− wJ)V.
For an invariant construction of this see [29, 16].
2.2. Almost Einstein structures. As above we work on Riemannian man-
ifolds (Md, g) with the dimension d ≥ 3. The Schouten tensor P (or P g),
introduced earlier, is related to the Ricci tensor by Ric = (d − 2)P + Jg,
where recall J is the conformal metric trace of P g. Calculating the confor-
mal transformation of P , it follows easily that the metric g is conformally
Einstein if and only if there is a nowhere zero solution s ∈ C∞(M) to the
equation (1) trace− free(∇∇s+ Ps) = 0.
Note that the equation (1) is conformally covariant. If we write A(g, s) :=
trace− free(∇∇s+ Ps) then eωA(g, s) = A(e2ωg, eωs), ω ∈ C∞(M). By a
directed almost Einstein structure we mean (M,g, s), where s is a solution
of (1), but modulo the equivalence relation (g, s) ∼ (e2ωg, eωs); more pre-
cisely it is an equivalence class [(M,g, s)] where the equivalence relation is
(M,g, s) ∼ (M,e2ωg, eωs) and s is a solution of (1).
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The conformal covariance of the equation (1) is equivalent to conformal
invariance, if we replace the function s by a conformal density σ ∈ E [1]. The
equation
(7) trace− free(∇a∇bσ + Pabσ) = 0
is conformally invariant. This suggests a strong link to conformal geometry.
As observed in [30] it follows easily from the definition (5) of the tractor
connection above that we have the following.
Theorem 2.1. A directed almost Einstein structure is a conformal manifold
(M, c) equipped with a parallel (standard) tractor I 6= 0. The mapping from
non-trivial solutions of (7) to parallel tractors is by σ 7→ 1dDσ with inverse
I 7→ σ := h(I,X), and σ is non-vanishing on an open dense set M \Σ. On
this set go := σ−2g is Einstein.
The point here, as touched on earlier, is the parallel transport equation
for the tractor connection (5) is simply a prolonged system derived from
(and essentially equivalent to) (7) [10, 33]. So a directed almost Einstein
manifold is exactly a conformal manifold (M, c) equipped with a parallel
standard tractor I and we write (M, c, I) to indicate this. The set Σ, where
the almost Einstein “scale” σ := h(X, I) vanishes, shall be called the scale
singularity set.
On an almost Einstein manifold (M, c, I) (or (M,g, s)) we shall write
SI or S(σ) (or even S(g, s)) as a shorthand for −h(I, I). This may be
viewed as a scalar curvature quantity for the structure, since off Σ we have
S(σ) = Sc
go
d(d−1) , and this is the quantity S in Theorem 1.1. In this language
that theorem is as follows.
Theorem 2.2. [33] Let (M, c, I) be a Riemannian signature almost Einstein
structure and σ = h(X, I). If S(σ) > 0 then Σ is empty and (M,σ−2g) is
Einstein with positive scalar curvature; If S(σ) = 0 then Σ is either empty
or consists of isolated points p where j1pσ = 0, and (M \ Σ, σ
−2
g) is Ricci-
flat; if S(σ) < 0 then the scale singularity set Σ is either empty or else
is a totally umbillic smooth hypersurface, and (M \ Σ, σ−2g) is Einstein of
negative scalar curvature.
The Theorem here is a straightforward consequence of the formulae (5) and
(4). There is a detailed treatment of this and surrounding results in [33].
Note that if Σ 6= ∅ then Σ is a conformal infinity for the ambient Einstein
metric go in the usual sense; there is a metric g on the manifold M so that
go = s−2g. In this situation it is well known that if M is complete then
(M \ Σ, go) is geodesically complete. In the case that M is compact it is
traditional to describe (M \Σ, go) as conformally compact. If also S(σ) < 0
then the smooth hypersurface Σ inherits the conformal structure (Σ, [g|Σ]).
In terms of the tractor picture to say that we have an almost Einstein
manifold that is not necessarily directed means that on each open set U of
some cover we have (M, c, IU ), with IU parallel, and on overlaps U ∩ V we
have IU = ±IV . We will write (M, c, [I]), or simply [I] if the conformal
structure is fixed, to denote such an AE structure.
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2.3. The Models. On the d-sphere, with its standard conformal structure,
the standard tractor bundle may be trivialised globally by parallel sections.
Thus we have the following.
Proposition 2.3. The d-sphere, with its standard conformal structure, ad-
mits a (d+2)-dimensional space of compatible directed almost Einstein struc-
tures.
In fact for each S ∈ R there is an almost Einstein structure I on Sd with
SI = S, this is Proposition 5.1 in [33] and the case of the sphere as a model
for directed almost Einstein structures is treated in detail there.
The standard conformal structure on the sphere is recovered as follows.
Consider a (d + 2)-dimensional real vector space V equipped with a non-
degenerate bilinear form H of signature (d+1, 1). The null cone N of zero-
length vectors form a quadratic variety. Let us write N+ for the forward
part of N \ {0}. Under the ray projectivisation of V the forward cone
N+ is mapped to a quadric in P+(V) ∼= S
d+1. This image is topologically
a sphere Sd and we will write pi for the submersion N+ → S
d. Each point
p ∈ N+ determines a positive definite inner product on Tx=pipS
d by gx(u, v) =
Hp(u
′, v′) where u′, v′ ∈ TpN+ are lifts of u, v ∈ TxS
d. For a given vector
u ∈ TxS
d two lifts to p ∈ N+ differ by a vertical vector field. Since any
vertical vector is orthogonal (with respect to H) to the cone it follows that
gx is independent of the choices of lifts. Clearly then, each section of pi
determines a metric on S and by construction this is smooth if the section
is. (Evidently the metric agrees with the pull-back of H via the section
concerned.) Now, viewed as a metric on TRd+2, H is homogeneous of degree
2 with respect to the standard Euler vector field E on V. That is LEH = 2H,
where L denotes the Lie derivative. In particular, this holds on the cone,
and we note also that the cone is generated by E.
As explained in [33] (and cf. [18]), the tractor bundle on Sd is then nat-
urally identified with TV|N+/ ∼. Here the equivalence relation “∼” is as
follows: for p, q ∈ N+ we have Tp ∼ Tq if and only if p and q lie in the same
null ray through the origin and Tp is parallel to Tq according to the usual
parallelism of V as an affine space. The tractor connection is induced from
this same parallelism, and the usual tractor metric h is induced from H.
It follows that each vector I in V determines a parallel tractor field on Sd.
In particular if we fix a choice I with |I|2 = −1 the we obtain a standard
round metric on the sphere; we shall write (Sd, g) for this. This can be
viewed as arising from the section of N+ given by the intersection with the
hyperplane IAX
A = 1, where XA are standard coordinates on V ∼= Rd+2.
Let us write I⊥ for the vectors in V orthogonal to I according to H and
then also use the same notation for the corresponding tractors. It is easily
verified that the tractors K ∈ I⊥ correspond to solutions of (7) that are odd
with respect to (Sd, g); α := h(K,X) takes the opposite sign at antipodal
points. Let us now form from (Sd, g) the unit RPd which we shall denote
by (RPd, g) by taking an antipodal identification of (Sd, g). It is clear that
each K ∈ I⊥ descends to an almost Einstein structure [K] on (RPn, g) that
is not directed. Thus we have the following.
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Proposition 2.4. RPd with its standard conformal structure, admits an
Einstein metric and also a (d + 1)-dimensional space of compatible almost
Einstein structures that are not directed.
2.4. Conformal Killing vectors and tractors. Via Theorem 2.1 the
equation of tractor parallel transport captures the basic equation (1) in
a geometric form that plays a central role in our discussions below. The
prolonged system corresponding to conformal Killing vectors is also handled
well by the tractor machinery. First note that (as observed in [23]) the
operator MA
a : Ea[w]→ EA[w − 1] given, in a conformal scale by
ua 7→ (d+ w − 2)ZA
aua −XA∇
aua,
is conformally invariant. Then by Lemma 2.1 in [31] we have that solutions
ka of the conformal Killing equation
∇(akb)0 = 0
are in 1-1 correspondence with fields KB ∈ EB [1] such that
(8) DAKB = KAB
where KAB is skew (i.e. it is a 2-form tractor). The correspondence is given
by
ka 7→
1
d
MBak
a with inverse KB 7→ Z
BaKB .
Using the above (or otherwise [15, 36]), the conformal Killing condition
is also captured by an equation on the skew part KAB of DAKB as follows.
Proposition 2.5. [31, Proposition 3.1] Solutions ka of the conformal Killing
equation
∇(akb)0 = 0
are in 1-1 correspondence with solutions KDE ∈ E[DE] of the equation
(9) ∇aKDE −KABX
AZBaΩabDE = 0.
The correspondence is given by
ka 7→
1
d2
D[AMB]ak
a with inverse KAB 7→ X
AZBaKAB.
If KAB is a parallel adjoint tractor then k
a := XAZBaKAB is a conformal
Killing vector field and hence, from (9), satisfies kaΩabDE = 0.
Given ka ∈ E [2] the 2-form tractor KAB is given by
(10) KAB
g
=


ka
∇[akb]
1
d∇
ckc
1
d(∇
c∇(cka)0 −∇a∇
ckc)− Pa
ckc


where from the top-left to right-bottom the entries are the coefficients of
YAB = Y[AZB]
a, ZabAB = Z[A
aZB]
b, WAB = X[AYB], XAB = X[AZB]
a.
We say a conformal vector field on a space (M, c) is essential if it is not
a Killing vector with respect to any metric g˜ ∈ c on M , i.e.
LV g˜ =
2
d
divg˜(V )g˜ 6= 0 for any g˜ ∈ c .
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Note that every essential conformal vector field V necessarily has a zero at
some point; a conformal Killing vector V without a zero is Killing for the
conformally changed metric 1g(V,V )g.
We call a conformal Killing vector field k on (M,g) a conformal gradient
if there exists a smooth function ψ onM such that k = gradg(ψ). Note that
this is not a conformally invariant property; k is not a gradient for other
metrics in the conformal class.
Theorem 2.6. On a Riemannian manifold, of dimension at least 3, a con-
formal gradient with at least one zero is an essential conformal vector field.
Proof: If k is a gradient then in any scale we have ∇[akb] = u[akb] for
some 1-form u. If we assume also that k is not essential and for p ∈ M
we have k(p) = 0 then it follows that the tractor 2-form KAB (of (10)) is
zero at p. But the left hand side of (9) determines a connection (which is
a modification of the normal tractor connection) for which this tractor K is
parallel. So K is zero everywhere and hence so is k. 
In fact this result is well known and also holds in dimension 2 [44] (although
we shall use it only in higher dimensions); we include it here for completeness
since, as seen, it follows easily from Proposition 2.5.
2.5. Multiple almost Einstein structures. Here we want to consider
the situation where a given fixed conformal structure admits linearly in-
dependent parallel standard tractors, or equivalently, linearly independent
solutions of (7). Note that in general these are not “conformally related”, as
two solutions will in general have different zero sets. Of course if σ1 and σ2
are two such solutions, then away from the union of the two zero sets σ−21 g
and σ−22 g are conformally related Einstein metrics.
It is well known that a pair of conformally related Einstein metrics deter-
mines a conformal gradient field [13]. We observe here that this generalises
(adapting and extending an argument from Theorem 2.4 of [31]).
Theorem 2.7. If g1 = (σ1)
−2
g is an Einstein metric, then (M, [g1], σ2) is
an almost Einstein structure if and only if the vector field
(11) ka := σ1∇
aσ2 − σ2∇
aσ1
is a conformal gradient field with respect to g1.
Proof: ⇒: Since σ1 and σ2 are almost Einstein scales it follows from The-
orem 2.1 that
IA1 :=
1
n
DAσ1 and I
A
2 :=
1
n
DAσ2
are both parallel for the tractor connection. Thus
(12)
K
AB := IA1 I
B
2 −I
B
1 I
A
2
g
=


σ1∇
aσ2 − σ2∇
aσ1
(∇[aσ1)∇b]σ2
1
d(σ2∆σ1 − σ1∆σ2)
1
d
(
(∆σ1)∇aσ2 − (∆σ2)∇aσ1 + J(σ2∇aσ1 − σ1∇aσ2)
)


is a parallel tractor 2-form. On the right g is any metric from the conformal
class [g1] = [g2] and ∇b is the corresponding Levi-Civita connection. By
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Proposition 2.5 the primary part
kb := XAZB
b
K
AB = σ1∇
bσ2 − σ2∇
bσ1
is a conformal Killing field. On the other hand since σ1 is nowhere vanishing
we may work in the scale g1 = σ
−2
1 g; with ∇ the corresponding Levi-Civita
connection, we have ∇σ1 = 0. Thus we see that k
b is a gradient:
kb = gbc1 ∇cs
where s is the function σ2/σ1. Note that away from the zero set of s,
g2 = s
−2g1 is Einstein.
⇐: By definition g2 is almost Einstein if and only if∇
g1
(a∇
g1
b)0
σ2+P
g1
(ab)0
σ2 =
0 (see (1)). Now recall that ∇g1a σ1 = 0. Using this and that σ1 is non-
vanishing, we see that ∇(akb)0 = 0 implies ∇
g1
(a∇
g1
b)0
σ2 = 0. On the other
hand since g1 is Einstein P
g1
(ab)0
= 0. 
Remark: Note that not every conformal gradient comes from a ∇-parallel
2-form tractor. ||||
By an obvious variation of the proof above we have the following.
Proposition 2.8. If (M, c, σ1) is an almost Einstein structure then (M, c, σ2)
is also an almost Einstein structure if and only if the vector field
(13) ka := σ1∇
aσ2 − σ2∇
aσ1
is a conformal Killing vector field.
Remark: Note that ka in (13) is not a gradient if there is any point where
both σ1 and σ2 vanish. One might term such a vector k
a an almost conformal
gradient. ||||
2.6. Multiple almost Einstein structures: geometric implications.
We will see from the explicit formula (12) that the existence of two linearly
independent almost Einstein structures in a given fixed conformal class has
strong implications for the geometry and topology of the underlying space.
This uses some powerful results concerning essential conformal vector fields.
Theorem 2.9. [2, 27, 58] Let (Md, g), d ≥ 2, be a Riemannian space,
without boundary, admitting a complete and essential conformal vector field.
(1) If (M,g) is non-compact then it is conformal to the Euclidean space
Rd.
(2) If (M,g) is compact then it is conformal to the sphere Sd with round
metric grd.
The case d = 2 of the above is classically known from the theory of
Riemann surfaces. Theorem 2.9 says, in particular, that any Riemannian
space with a complete essential vector field is conformally flat.
Theorem 2.10. Let (Md, g), d ≥ 2, be a closed Riemannian manifold which
admits a conformal gradient. Then (Md, g) is conformal to the round sphere
(Sd, grd).
Proof: Any gradient on M has zeros, since any function on a compact
manifold has critical points. However by Theorem 2.6 a conformal gradient
field with a zero is essential. So the result follows from Theorem 2.9. 
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Proposition 2.11. Suppose that (Md≥3, c) admits two linearly independent
parallel standard tractors I1 and I2, where I1 is scalar flat and σ1 = h(X, I1)
has a zero at p ∈ M . Then the primary part k := σ1∇
aσ2 − σ2∇
aσ1 of the
parallel 12I1 ∧ I2 is an essential conformal Killing field.
Proof: Note that since I1 and I2 are linearly independent we have I1∧ I2 6=
0. Since by Theorem 2.2 (or equivalently Theorem 1.1) j1pσ1 = 0 it follows
from (12) that the 2-form tractor 12I1 ∧ I2 is given at p ∈M by

0
0 1dσ2∆σ1
1
d(∆σ1)∇aσ2

 ,
with respect to any metric g˜ ∈ c. This shows that k has a zero at p, and (by
(10)) either the divergence ∇ck
c or ∇a∇ck
c does not vanish at p. Since g˜
was an arbitrary metric from the conformal class it follows that the primary
part k of 12I1 ∧ I2 is an essential conformal vector field. 
Next note that if I1 and I2 are linearly independent scalar negative almost
Einstein structures such that zero sets of the scales σ1 and σ2 intersect non-
trivially then the projecting part k = σ1∇
aσ2 − σ2∇
aσ1 of
1
2I1 ∧ I2 has a
zero on (M, c). However, the vector k is only an almost gradient field, in
the sense of the Remark in Section 2.5, and so we cannot argue that k is
essential.
Using our observations so far we led to the characterisation of compact
Riemannian spaces with at least 2 linearly independent directed almost Ein-
stein structures as given in Theorem 1.2.
Proof of Theorem 1.2. Let I1 and I2 be two linearly independent paral-
lel tractors on (M, c) and assume that I1 is Einstein that is σ1 := h(X, I1)
is nowhere vanishing. Then, from Theorem 2.7, the projecting part k of
1
2I1∧ I2 is a conformal gradient with respect to g1 := σ
−2
1 g and so the result
follows from Theorem 2.10.
Now let us assume that (M, c) is not conformally Einstein but that there
exists a proper almost Ricci-flat structure, that is a null tractor I1 with
h(X, I1) zero at some point. For any linearly independent parallel standard
tractor I2 (from the class assumed to exist on (M, c)) it follows from Propo-
sition 2.11 that the primary part of 12I1 ∧ I2 is essential. From Theorem 2.9
we can again conclude that (M, c) is conformal to the round sphere.
The remaining possibility is that every parallel standard tractor K on
(M, c) is scalar negative and has a non-empty scale singularity set ΣK . But
then from Theorem 2.2 (or equivalently Theorem 1.1) it follows that ΣK is
a totally umbillic hypersurface. 
Note that a result by S. Gallot states that if the Riemannian cone of a
compact Riemannian space (M,g) has decomposable holonomy then (M,g)
is isometric to the round sphere [28]. Observe that this is consistent with
the statement of Theorem 1.2 as follows. In the case of an Einstein space
with positive scalar curvature the Fefferman-Graham ambient metric is just
a product of the cone with a line [37, 48], and it follows (see [34]) that almost
Einstein structures are just parallel vectors on the cone. On the other hand
parallel vectors on the cone mean that the holonomy is decomposable.
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Before beginning the construction of examples we pause to prove the other
result from the introduction.
Proof of Theorem 1.3. Since K1 and K2 are parallel, and the tractor
connection preserves the tractor metric, it follows that h(K1,K2) is constant
on M (at least if M is connected, as we assume for simplicity). On M \ΣK1
σ1 := h(X,K1) is non-vanishing and we may work in the metric scale g
o =
σ−21 g. There and then we have
K1
go
= (σ1, 0, −
1
d
J
goσ1).
On the other hand from [33, Proposition 3.6] along ΣK2 , K2 agrees with the
normal tractor (of [10, Definition 2.8])
K2|ΣK2 = NΣK2
go
= (0, ∇g
o
σ2, −H
go),
where σ2 := h(X,K2) and H
go is the mean curvature of ΣK2 in the met-
ric scale go. Now in fact Hg
o
here is the mean curvature as a weight −1
conformal density. The mean curvature as a function in the scale go is
Hg
o
= σ1H
go . But from the last two displays this is exactly (the negative
of) the tractor inner product of K1 with NΣK2 . That is:
Hg
o
= −h(K1, NΣK2 ).
But, as remarked above, the conformally invariant inner product h(K1,K2)
is constant onM , while evidently along ΣK2 we have h(K1,K2) = h(K1, NΣK2 ).
So we may conclude that
Hg
o
= −h(K1,K2),
and this is constant. Note that in particular, this constant is zero if K1 and
K2 are orthogonal. 
Remark: Note that it is clear, from our considerations in the proof im-
mediately above, that given an almost Einstein structure (M, c,K) and a
smooth hypersurface Σ with normal tractor N , then −h(K,N) gives a func-
tion along Σ which generalises the mean curvature: it is defined on all of
Σ and is exactly the mean curvature Hg
o
on M \ ΣK . Here ΣK is the zero
set of σK := h(K,X) and g
o = σ−2K g. In fact this idea generalises beyond
almost Einstein spaces, but this will be taken up elsewhere.
Next observe that if we have K1 and K2 as in the Theorem 1.3 and we
write Kt := cos tK1+sin tK2 then (away from the zero set of σ1 = h(X,K1))
for R ∋ t /∈ piZ we have
h(K1,Kt) = −H
go
ΣKt
where Hg
o
ΣKt
is the mean curvature of the zero set of h(X,Kt) (at least for
those values of t such that Kt is scalar negative) while for t = 0
h(K1,K0 = K1) = −SK1 .
So we see an interesting link between mean curvature and the scalar curva-
ture quantity SK . ||||
There are obvious results related to Theorem 1.3. For example in the
situation of that theorem ΣK2 is itself directed almost Einstein with parallel
tractor given by the part of K1 orthogonal to K2. This follows because from
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[33, Theoerem 4.5] the tractor connection on (ΣK2 , cK2) is a restriction of the
ambient tractor connection toK⊥2 . (Alternatively one may use the conformal
holonomy classification [9, 50] to conclude that locally we have one of the
special Einstein products discussed below whence this also follows easily.)
Thus in the setting of Theorem 1.3 we have the following, for example.
Proposition 2.12. If K1 and K2 are spacelike and orthogonal then ΣK1 ∩
ΣK2 is either empty or else is a totally umbillic hypersurface in (ΣK2 , cK2).
The reason we have taken K1 and K2 to be orthogonal is that otherwise
ΣK1 ∩ ΣK2 may be a (double) point, collection thereof.
2.7. Tractor bundles in low dimensions. In dimensions 1 and 2 a canon-
ical tractor connection (equivalently Cartan connection) is not determined
locally by the conformal structure in the usual way. For some later con-
structions we use a notion of tractor connection defined on (conformally)
Einstein manifolds. In dimension 2 a manifold is Einstein if and only if it
has constant scalar curvature. In dimension 1 any metric is Einstein.
Let (Md, c) be a conformal manifold. Observe that in dimensions d ≥ 3
if σ−2g = g ∈ c is Einstein, with corresponding Einstein tractor I (i.e. I is
parallel and σ = h(X, I) is nowhere vanishing), then the tractor connection
is given on a section of E [1]⊕ Ea[1]⊕ E [−1] = [T ]g by
(14)
∇Ta


α
τ b
ρ


g
=


∇aα− τa
∇aτ
b + δa
b(ρ+ µσ−2α)
∇aρ− µσ
−2τa

 , or


∇as− ta
∇at
b + δa
b(r + µs)
∇ar − µta


where µ = −12 |I|
2 = Scg/2d(d − 1) and we write Scg to mean gabRicgab (so
Jg/d = σ−2µ). On the right we have simplified the connection formula by
trivialising the density bundles using the scale σ. So s, r are simply functions
and ta is an unweighted tangent field; these are given by s = σ−1α, στa = ta,
and r = σρ. We will use this formula to define the tractor connection in
dimensions one and two as follows. For simplicity we assume the manifold
is connected. We consider the case of dimension two first. Let (M,g) be a
Riemannian surface where g is a constant scalar curvature metric. In terms
of the metric g define T
g
= E [1] ⊕ Ea[1] ⊕ E [−1] and equip this with the
connection given by the formula (14) above. In dimension one the definition
is the same except that in this case we define such a connection for each
µ ∈ R and µ is not related to the Levi-Civita connection ∇ or any intrinsic
curvature quantity. The tractor connections so defined for manifolds of
dimension 2 are (locally) flat. The same is true in dimension 1 since in this
case all connections are locally flat.
Remarks: It is straightforward to see that the definition of the tractor
connection above is equivalent to defining a “Schouten tensor” in dimensions
1 and 2. For the Einstein metric g this is defined to be P gab :=
1
dJ
g
gab where
Jg := σ−2µd. Then it is defined for other metrics in the conformal class
by assuming the usual transformation formula (2). With this definition one
may then decree that the tractor bundle also transforms according to the
usual formula (3) and use the usual formula 5 for the tractor connection
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(now using any metric from the conformal class). That a low dimensional
conformal tractor bundle is equivalent to specifying a Schouten tensor was
pointed out in [14]. The point we are making here is that in dimension 2,
when there is an Einstein metric in the conformal class then this leads to a
preferred choice.
Next we observe that there is a uniqueness result available for the tractor
connection of oriented (Riemannian signature) closed conformal 2-manifolds;
in this dimension it draws on global data. By the classical uniformisation
result we know that there is a conformal mapping to a metric of constant
scalar curvature. On the other hand, excepting the sphere, on such surfaces
if there is a constant scalar curvature metric in the conformal class then it
is unique see e.g. [53] and references therein. Thus in such a conformal class
(14) gives the unique tractor connection. ||||
Using this definition of the tractor connection it is straightforward to see
that the essential results from higher dimensions now extend to dimensions
d = 1 and d = 2. Evidently we have a preferred section XA of EA[1] that
gives a map EA → E [1]. The formula (4) extends to give a metric h in
these dimensions by working in the Einstein scale (or in other conformally
related scales according to the first Remark above). This metric is then
preserved by the connection that (14) defines. Clearly parallel sections I of
the tractor bundle may again be divided into 3 classes according to whether
SI := −h(I, I) is positive, zero, or negative. By the same arguments as in
higher dimensions (as in [33]) we then obtain the extension of Theorem 2.2
to Einstein manifolds of dimension 1 and 2. We shall exploit this in the
constructions below without further mention.
Although we shall not use it explicitly here, the tractor connection in
dimensions 1 and 2, as defined here, agrees with that induced from the
tractor connection on higher dimensional dimensional Einstein manifolds by
a suitable (local) totally umbillic embedding. For example for the unit round
sphere S2 we have µ = 12 and it is easily verified that the connection ∇
T on
S2 given by (14) agrees with the tractor connection induced on N⊥ ⊂ T |Σ
along an equator Σ of the unit round S3. Here N is the normal tractor of
[10, expression (12)] and writing TS3 for the tractor bundle of S
3, N⊥ is
the subbundle of TS3 |Σ consisting of tractors orthogonal to N . Similarly,
by an obvious extension of the definition of N to dimension 2, we then
find that the µ = 1/2 connection on the unit round S1 agrees with the
tractor connection induced on N⊥ along an equator of S2. It follows that
the tractor connection on S2 and the µ = 1/2 tractor connection on S1 have
trivial holonomy group. In fact for dimension 1 calculations it is convenient
to use the formula for the connection (also in the display 14) in terms of
s, t and r. It follows immediately from this that the equation of parallel
transport in dimension 1 is equivalent to the ODE
(15) (s′′ + 2µs)′ = 0;
parallel tractors are necessarily of the form (s, t, r) = (s, s′,−(s′′ + µs))
where s solves the ODE. So if µ = 1/2 then we obtain s = constant as well
as a two dimensional family of non-constant periodic solutions. So overall a
three dimensional family of solutions on S1 as expected. On the other hand
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if we set µ = −12 then an s = 1 solution shows that (s, t, r) = (1, 0,
1
2) is
parallel, but since there are no periodic non-trivial solutions to (s′′− s) = 0
it follows that that there are no global parallel standard tractors on S1 that
are linearly independent of (1, 0, 12).
2.8. Tractors on special Einstein products. The tractor bundle has
rather special properties on certain product manifolds.
Definition: Let us say that (Mm11 ×M
m2
2 , g1 × g2), with m1,m2 ≥ 1 and
m1 + m2 ≥ 3, is a special Einstein product if (Mi, gi), i = 1, 2, is Einstein
with Einstein tractor Ii and |I1|
2 = −|I2|
2 6= 0. By pull-back, we view each
of the bundles Ti, for i = 1, 2, as bundles on the product M1 ×M2. On any
Einstein manifold, with tractor bundle T and parallel tractor I giving the
Einstein structure, we shall write T ⊥ to mean the orthogonal complement
to I in T . Then we have (cf. [50, 9]):
Proposition 2.13. On a special Einstein product (M1×M2, g1×g2) denote
by (Ti, hi,∇
i), i = 1, 2, the respective standard tractor bundles. Let us make
the definitions: T := T ⊥1 ⊕ T
⊥
2 with bundle metric h = h1 × h2, where
for i = 1, 2, hi is restricted to T
⊥
i ; ∇ := ∇
1 ⊕ ∇2 where, for i = 1, 2,
the ∇i are also restricted to T ⊥i . Then (T , h,∇) is the normal standard
tractor bundle and connection. The canonical tractor X ∈ T [1] is given by
X = (X⊥1 ,X
⊥
1 ) ∈ T
⊥
1 [1] ⊕ T
⊥
2 [1] where, for i = 1, 2, X
⊥
i is the orthogonal
projection of Xi onto T
⊥
i [1].
Proof: Let d := m1 + m2. Since the Ii, for i = 1, 2, are not null, there
are corresponding canonical orthogonal projections P i : Ti → T
⊥
i and each
of these endomorphisms of Ti is parallel for ∇
i, i = 1, 2. We shall use the
characterisation of the normal tractor connection from [17].
By construction T is a vector bundle of dimension d + 2 and the metric
h is preserved by the restricted product connection ∇. If I1 is spacelike
(|I1|
2 > 0) then I2 is timelike. Similarly if I1 is timelike then I2 is spacelike.
In either case it is clear that h has signature (d + 1, 1). So the connection
∇ is a g-connection where g = so(d+ 1, 1).
Trivialise the conformal density bundles via the metric g := g1 × g2 and
view each of the canonical tractors Xi, i = 1, 2 as a section of Ti. Now
define X := (X⊥1 ,X
⊥
2 ) where, for i = 1, 2, X
⊥
i is the image of Xi under the
orthogonal projection to T ⊥i , that is X
⊥
i = P
iXi. For i = 1, 2 we have that,
in the scale gi, h
i(Xi, I1) = 1 and thus from |I1|
2 = −|I2|
2 it follows that X
is null. Working in the scale g1× g2, X gives a map of E into T by f 7→ Xf .
Taking f here as representing a section of E [−1] we see that, descending
to the conformal class [g1 × g2], X determines a bundle map of E [−1] into
T that we shall also denote by X; the latter may be viewed as a section
of E [1]. By the construction of T , and using that X is null we see that
T has the composition structure T = E [1] +
✞
✝ Ea[1] +
✞
✝ E [−1]. The projection
T → E [1] is by t 7→ h(X, t) and it is easily verified that restricting h to the
kernel T (0) = Ea[1] +
✞
✝ E [−1] of this map recovers the conformal metric g for
(M, [g1 × g2]) on TM ∼= (T
(0)/E [−1]) ⊗ E [1].
Since, for i = 1, 2, ∇i commutes with P i, it follows that in the scale g1×g2
we have ∇X = (Z1, Z2) where the Zi are the Z-projectors for each [Ti]gi as
in Section 2.1; we have used that in the given scale P iZi = Zi. It follows
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easily that the connection ∇ is non-degenerate in the sense of [17] (this is
the “soldering” condition).
Finally, since each of I1 and I2 is parallel, the curvature of ∇ is the direct
sum of the tractor curvatures Ω1 and Ω2 for, respectively, ∇1 and ∇2. Since
ΩiXi = 0, i=1,2, it follows at once that it annihilates X. So the curvature Ω
of ∇ has no torsion and the leading component of this is the Weyl curvature
for [g1 × g2]. It follows from the characterisation of [17] that the connection
∇ is the normal conformal standard tractor connection. 
Remarks: Note that an alternative proof of the above follows easily via the
cone product constructions of Fefferman-Graham (ambient) metrics in [34,
Proposition 3.1] (and see also Proposition 3.7 of that article) combined with
the relationship between the Fefferman-Graham metric and the conformal
tractor calculus as derived in [18]. One may also obtain the result from the
formula (5) by using that in the scale g = g1 × g2 the Schouten tensor P
g
is the sum of the pull backs of the Schouten tensors P g1 and P g2 from each
component.
Note that in a special Einstein product the relationship between the scalar
curvatures (or rather lengths of the Ii) is exactly that (I1, I2) is null in T1⊕T2
with respect to the product tractor metric. ||||
3. A (warped) product construction of almost Einstein
manifolds
3.1. The general product construction. It is immediate from Propo-
sition 2.13 that special Einstein products are AE if and only if one of the
factors has an additional AE structure.
Theorem 3.1. Suppose that (M,g) = (M1×M2, g1×g2) is a special Einstein
product. Then the conformal structure (M, [g]) admits a (directed) almost
Einstein structure if and if only one of the factors (M1, [g1]) or (M2, [g2]) ad-
mits at least two linearly independent (directed) almost Einstein structures.
Proof: I is a parallel non-zero standard tractor on (M,g) if and only if ,
for i = 1, 2, P iI are each parallel and one of these is non-zero. This proves
the directed case. The general result follows similarly and we leave this for
the reader. 
In fact the Theorem 3.1 above is the tractor statement essentially equivalent
to Proposition 3.4 from [34]. Note also that in the theorem the generic case of
(M, c) being a (directed) almost Einstein structure will be when both of the
factors admit at least two linearly independent (directed) almost Einstein
structures. Since in general a parallel tractor will project into both parts
(T ⊥1 and T
⊥
2 in the notation of Proposition 2.13) of the tractor bundle.
Next we observe that the scale singularity space is also easily identified.
Corollary 3.2. Suppose that (M,g) = (M1 ×M2, g1 × g2) is a special Ein-
stein product. Suppose that (M1, g1) has a linearly independent set {K1, · · · ,Kr}
of parallel tractors which each take values in T ⊥1 . Then, via Proposition 2.13,
for each i ∈ {1, · · · , r}, Ki determines the almost Einstein structure K˜i :=
(Ki, 0) on (M,g) and this has the scale singularity set Σ(K˜i) = ΣKi ×M2,
where ΣKi ⊂M2 is the scale singularity set of Ki.
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Proof: This follows at once from Proposition 2.13 since h(X, K˜i) = σi where
σi is the pull back (via obvious map M =M1×M2 →M1) of h1(X1,Ki) to
M . 
Remarks: In relation to the last result, note in particular that Ki is a
proper almost Einstein structure (i.e. ΣKi 6= ∅) if and only if K˜i is proper.
Also observe that assuming the existence of a parallel standard tractor K
which takes values in T ⊥1 is the same as assuming the existence of parallel
tractor K ′ so that {K ′, I1} is a linearly independent set; given such a tractor
K ′, P 1K ′ takes values in T ⊥1 . ||||
Evidently the Corollary 3.2 gives a general tool for constructing proper
almost Einstein structures. Let us set the convention that in such products
the first factor (M1, g1) is scalar positive, that is SI1 > 0. For the construc-
tion of closed manifolds this way Theorem 1.2 severely limits the possibilities
for (M1, g1); to obtain a directed AE structure M1 is necessarily a sphere.
3.2. The examples Sm1≥2 × Mm22 . Let (S
m1 , g1) be the standard unit
sphere of dimension m1. If m1 = 2 we fix µ =
1
2 in (14) to define the
tractor connection. The sectional curvatures of this are 1, and so the parallel
tractor I1 giving g1 has |I1|
2 = −1. If (Mm22 , g2) is any (closed) Einstein
manifold with |I2|
2 = 1 (with I2 the parallel tractor corresponding to g2)
then Ricg2 = −(m2 − 1)g2 and
(M,g) = (Sm1 ×M2, g1 × g2)
is a (closed) special Einstein product. Via Corollary 3.2 the conformal mani-
fold (M, [g1×g2]) admits m1+1 linearly independent directed AE structures
{K˜1, · · · , K˜m+1}. By Theorem 1.2 these are necessarily proper and scalar
negative. In fact the latter point is already clear from Corollary 3.2: each
non-zero parallel tractor Ki in T
⊥
1 has |Ki|
2 > 0 since I1 is timelike. Thus
the corresponding scale singularity set ΣKi ⊂ S
m1 is a totally umbillic hyper-
sphere. Then since |K˜i|
2 = |Ki|
2, it is clear that K˜i is scalar negative and its
scale singularity set is the totally umbillic hypersurface ΣK˜i = ΣKi×M2. By
Theorem 1.3 each such hypersurface ΣK˜i is of constant mean curvature with
respect to the scale σ−2
K˜j
g determined by K˜j for j 6= i in {1, · · · ,m+1}; this
holds off ΣK˜j and the hypersurface is minimal if K˜i and K˜j are orthogonal.
Note that if K1 and K2 are two linearly independent parallel tractors in
I⊥1 then it may be that the corresponding scale singularity hyperspheres ΣK1
and ΣK2 intersect non-trivially. In fact generically ΣK1 ∩ ΣK2 6= ∅. On the
other hand
ΣK˜1 ∩ΣK˜2 = (ΣK1 ∩ ΣK2)×M1,
and so generically this is also not empty. In any case where ΣK˜1 ∩ΣK˜2 6= ∅
the part M≥0 := M \ M− of M , where σ1 := h(X, K˜1) is nonnegative
(the conformal density bundle E [1] has a preferred positive ray subbundle
E+[1]), is a Poincare´-Einstein manifold. On this PE manifold M
≥0, with
go := σ−21 g on M
+ := M≥0 \ ΣK1 , the singularity hypersurface of K2 (viz.
ΣK2 ∩M
≥0) is a totally umbillic hypersurface which meets the conformal
infinity of (M+, go). By Proposition 2.12 if K˜1 and K˜2 are orthogonal then
this intersection at is a totally umbillic hypersurface of the conformal infinity.
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Finally here we observe that one may be explicit about the almost Einstein
structures occurring in this class of cases. Let us consider Sm1≥2 ×Mm22 to
be embedded in Rm1+1×Mm22 in the obvious way. Write (x
1, · · · , xm1+1) for
the standard coordinates on the Euclidean space Rm1+1. Then away from
x1 = 0 on Sm1≥2 ×Mm22 a typical metric in the class here is
go = (x1)−2(grd × g2).
Up to a conformal symmetry all the AE structures in this class are like this.
3.3. The regular products S1 ×Mm22 and periodic AE structures.
Since S1 is 1-dimensional there is a choice involved in the definition of the
tractor connection. On the standard unit circle let us term the connection
(14) with µ = 12 to be the regular tractor connection. Using this the scale
tractor I1 on S
1 is parallel and has |I1|
2 = −1. With reference to the
ODE (15), the parallel tractors on S1 orthogonal to I1 are the solutions of
s′′+s = 0 and so, taking the usual parametrisation, have two scale singularity
points. Thus, as for the cases of m1 ≥ 2 above, if (M
m2
2 , g2) is any (closed)
Einstein manifold with Ricg2 = −(m2−1)g2 then (M,g) = (S
1×M2, g1×g2)
is a (closed) special Einstein product with a (m1+1 = 2)-dimensional space
of almost Einstein structures compatible with the conformal structure [g1×
g2]. Everything works as in the case of m1 ≥ 2 above except that for two
linearly independent parallel tractors K1 and K2 on S
1 the corresponding
scale singularity sets, respectively, ΣK1 and ΣK2 do not intersect unless
they coincide. This has the obvious implication for the scale singularity
sets, ΣK˜1 = ΣK1 ×M1 and ΣK˜2 = ΣK2 ×M1, of the parallel tractors K˜1
and K˜2 on (M, c).
Since the connections of (14) are natural for the given Riemannian Ein-
stein structure we may clearly pull these back to any covering space. Thus
for K a parallel tractor on S1 its pull back (which we shall also denote by
K) is a parallel tractor, and so a directed almost Einstein structure, on any
covering space of S1. It is straightforward to give a positive length parallel
tractor K on S1 with two scale singularity points. Then on a k-fold cov-
ering S˜1 of S1 the singularity set of K consists of 2k isolated points. The
corresponding special Einstein product (M,g) = (M1 × S˜
1, g1 × g2) (with
(Mm21 , g1) as above) is a periodic almost Einstein manifold with 2k scale
singularity points. This applies with k infinite and S˜1 is then R. For finite k
the 2k singularity points may be thought of as zeros of periodic solutions of
(15) with appropriate µ in relation to the range of the independent variable.
3.4. “Exotic” Mm11 × S
1 special Einstein products. If we equip the
usual unit circle (S1, g2) with the tractor connection (14) with µ = −
1
2 then
the globally parallel tractor I2 :
g2
= (σ, 0, 12σ
−1) has |I2|
2 = 1, and so in this
sense S1 behaves as a negative scalar curvature Einstein manifold. (In this
sense these cases are essentially a special case of those in Section 3.2 above.
However some special comments are in order.) In particular we may form
special Einstein products
(M,g) := (Mm11 × S
1, g1 × g2)
where now Ricg1 = (m1 − 1)g1; g1 has positive scalar curvature.
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There are no non-trivial parallel tractors on S1 in I⊥2 and so if M1 is
closed and Riemannian then it follows easily (using also Theorem 1.2) that
(M, [g]) admits compatible directed AE structures if and only if (M1, g1) is
isometric to the unit round sphere. Thus the only closed manifolds admitting
directed almost Einstein structures obtained in this way are the unit sphere
products as follows. (This shows we are really reduced to a special case of
the examples from Section 3.2.)
Proposition 3.3. The product of unit spheres
Sn≥2 × S1
with its usual metric and conformal structure admits an (n+1)-dimensional
vector space of parallel tractors, equivalently a (n + 1)-dimensional fam-
ily of directed AE structures. The product of unit circles S1 × S1 admits
a 4-dimensional family of directed AE structures compatible with its given
conformal structure.
Note that by the uniqueness (up to isomorphism) of the normal tractor
bundle it follows that the tractor bundle on the product here is necessarily
given by Theorem 2.13, with S1 taken with the µ = −12 tractor connection
(as in (14)). The result for S1 × S1 follows as we may choose which factor
carries the positive length Einstein tractor.
3.5. The examples RPm1≥1 ×M
m2
2 . Recall that the standard conformal
structure c on RPm1≥1 admits an Einstein tractor I1, with |I1|
2 = −1 and
in I⊥1 an (m1 + 1)-dimensional family of undirected almost Einstein struc-
tures. We write g1 for the Einstein metric corresponding to I1. We may
form products as for the cases above: If (Mm22 , g2) is any (closed) Einstein
manifold with Ricg2 = −(m2 − 1)g2 then
(M,g) = (RPm1 ×M2, g1 × g2)
is a (closed) special Einstein product. Let us assume that M2 is connected.
Since for each parallel tractor class [K], with locally [K] ∋ K ′ ∈ I⊥1 , and
with singularity hypersurface Σ[K], the “bulk” RPm1 \Σ[K] is connected and
so it follows that M \ Σ ˜[K] is also connected, as recall Σ ˜[K] = Σ[K] ×M2
(here locally K˜ = (K ′, 0) as in Corollary 3.2). Thus ˜[K] is undirected.
4. Poincare´-Einstein subproducts and compactifications
4.1. Decomposable conformal holonomy. In this section we discuss
scalar negative almost Einstein spaces which have decomposable conformal
holonomy. This discussion will allow us to determine which of the Poincare´-
Einstein collars, as introduced in [34], are suitable for compactification.
First we recall the notion of a metric cone. Let (Md, g) be a Riemannian
space of dimension d. Then we define Mˆ :=M ×R+. The cone metric of g
with timelike Euler vector t·∂t is defined on Mˆ by
gˆ := −dt2 + t2·g ,
where t is the coordinate of R+. We call gˆ the timelike cone metric of g. In
[34] we have shown that any metric of the form
(16) g = r−2(dr2 + (1− µr2/2)2g1 + (1 + µr
2/2)2g2),
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where µ > 0 and g1, g2 are Einstein metrics of dimension m1 ≥ 1, resp.,
m2 ≥ 1, with 2m1(m1 − 1)µ := Sc(g1) and 2m2(m2 − 1)µ := −Sc(g2), has
the property that its timelike cone gˆ = −dt2 + t2·g is decomposable as a
Riemannian manifold. Note that with the coordinate change s = ln(
√
µ
2 ·r)
for r > 0 the metric g takes the form
ds2 + 2µ(sinh2(s)·g1 + cosh
2(s)·g2) .
In the case that the Poincare´-Einstein collar metric (16) has g1 a round
sphere metric then it is easily seen directly, or via the examples of section
3.2, that we may compactify the collar. So our focus here is to determine
whether there are other cases where compactification is possible.
Spaces with a decomposable cone have been discussed earlier in, for ex-
ample, [28] and [48, 50]. In general, one can show that any metric with a
decomposable timelike metric cone is (at least on some open dense subset)
locally isometric to a metric of the form (16). In fact, if the base metric is
complete then the following result is true.
Theorem 4.1. [3] Let (M,g) be a complete Riemannian manifold of di-
mension at least two and such that its timelike cone Mˆ , with cone metric
gˆ := −dt2 + t2g, has decomposable holonomy algebra. Then, on some open
dense subset and for each connected component thereof, g is isometric to a
metric of the form
r−2(dr2 + (1− µr2/2)2g1 + (1 + µr
2/2)2g2),
with µ > 0, where the g2 term is possibly absent, and where g1 has positive
constant sectional curvature.
We shall also need the notion of conformal holonomy, which we now recall.
Let (Md, c) be a conformal structure of dimension d ≥ 3. On (Md, c) we
have the tractor bundle (T ,∇) with its canonical normal connection. As for
any vector bundle connection, the tractor connection ∇ on T has a uniquely
defined holonomy algebra and group (cf. [43]). In the following, we denote
the holonomy group of (T ,∇) on (Md, c) by Hol(T ). We shall call Hol(T )
the conformal holonomy group of (Md, c) (cf. [9, 48, 50]). The corresponding
conformal holonomy algebra is denoted by hol(T ). The conformal holonomy
group is a subgroup of the Mo¨bius group O(d + 1, 1), whose standard rep-
resentation space is Rd+1,1. If the restriction of the standard representation
of Hol(T ) on Rd+1,1 decomposes into a direct sum, then we call the confor-
mal holonomy group decomposable. Accordingly, if the conformal holonomy
algebra hol(T ) splits into a direct sum, then we call hol(T ) decomposable.
Note that for simply connected spaces (Md, c) decomposability of hol(T )
and Hol(T ) are equivalent.
Furthermore, note that if the conformal structure c on Md includes an
analytic metric g, then the tractor connection ∇ is analytic. This implies
that the conformal holonomy algebra hol(T ) of (M, c) is equal to the con-
formal holonomy algebra of any open subspace U of (M, c). Here we mean
U is equipped with the restricted conformal structure. It is also a fact that
the conformal holonomy group and the holonomy group of the timelike cone
over any Einstein space of scalar curvature −d(d − 1) coincide (see [34]).
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This shows that any metric of the form (16) has decomposable conformal
holonomy group.
Now let us assume that (Md, c) with dim(M) = d ≥ 3 is a compact
conformal space, which admits an almost Einstein structure I which is scalar
negative (that is SI < 0), and whose conformal holonomy algebra hol(T )
decomposes as a direct sum a× b on Rd+1,1. Then we can describe the local
geometry of c almost everywhere as follows.
Theorem 4.2. Let (Md, c, I) be either a Poincare´-Einstein manifold or a
closed scalar negative directed AE structure. Suppose further that (Md, c)
has a decomposable conformal holonomy algebra hol(T ). Then, on an open
dense subset of M , the conformal class c locally includes a metric of the
form (16), where g1 has positive constant sectional curvature.
Proof. Let I denote the given almost Einstein structure with SI < 0;
replacing I by a constant multiple if necessary we may assume SI = −1.
We denote by Mo the complement of the scale singularity set ΣI , of I in
M . Writing σ := h(X, I), then, in the restriction of c to Mo, go = σ−2g
is complete Einstein metric of negative scalar curvature −d(d − 1). We de-
note by (M˜, g˜) the universal covering space of (Mo, go). Since, as a subset
of M , the space (Mo, go) has a decomposable conformal holonomy algebra,
the conformal holonomy group of the universal covering space (M˜, g˜) is de-
composable. Hence we can conclude here that the timelike cone (Mˆ , gˆ) over
(M˜, g˜) decomposes as a Riemannian manifold. And since (M˜ , g˜) is complete,
we see via Theorem 4.1 that the universal covering space takes locally (on
an open dense subset) the stated geometric form. But then it is also clear
that (Mo, go) is locally isometric (on an open dense subset) to a metric of
the form (16), where g1 has positive constant sectional curvature. 
Theorem 4.2 has some immediate consequences.
Corollary 4.3. Let (Md, c) be a closed directed scalar negative AE space
(resp. a compact Poincare´-Einstein space) with decomposable conformal ho-
lonomy algebra and with conformal infinity (Σ, cΣ). Then, on an open dense
subspace, (Σ, cΣ) is locally conformally equivalent to a product S
m1 × N ,
where Sm1 denotes the unit sphere of dimension m1, and N is a space of
dimension m2 = d−m1 − 1 equipped with an Einstein metric h of negative
scalar curvature −m2(m2 − 1). Then, on an open dense subset of M , the
space (Md, c) is locally equivalent to the conformal structure of Sm1+1 ×N
with metric grd × h.
Proof. Let us consider the conformal structure c locally on a (small)
collar of the conformal infinity (Σ, cΣ). By Theorem 4.2 we know that the
Poincare´-Einstein metric go, in the conformal class c, on such a collar is
almost everywhere given by a metric of the form
r−2(dr2 + (1− r2/4)2grd + (1 + r
2/4)2h) ,
where grd is the standard unit sphere metric (i.e. with constant sectional
curvature 1 and µ = 1/2). The displayed metric is conformally equivalent
to a metric grd × h˜. Here the coordinate r is defined on some half interval
[0, ε). This form of the Poincare´-Einstein metric also shows that the (local)
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boundary conformal structure on Σ is, on an open dense subspace, given by
grd×h, where grd is locally isometric to the round unit sphere in dimension
m1. 
Corollary 4.4. LetMm1×Nm2 (m1 ≥ 2, m2 ≥ 0) with metric g = g1×g2 be
either Einstein with m2 = 0 or a special Einstein product. Assume that, in
either case, (M,g1) has positive scalar curvature, but its sectional curvature
is non-constant. Then the Poincare´-Einstein collar of [34] for g1×g2 cannot
be compactified. That is, there is no conformal embedding of that collar into
a compact Poincare´-Einstein space.
Proof. Let us assume that there exists a collar equipped with a Poincare´-
Einstein metric of the form
r−2(dr2 + (1− r2/4)2g1 + (1 + r
2/4)2g2) ,
where g1 has non-constant sectional curvature, which can be embedded into
some compact Poincare´-Einstein space (P, h) (whose conformal infinity con-
tains the boundary of that collar as a subspace). Now, the conformal holo-
nomy algebra of that collar is decomposable and it follows, from the analytic-
ity of the Einstein interior, that this coincides with the conformal holonomy
algebra of (P, h). Thus, from the previous Corollary, on an open dense sub-
space, the bulk of (P, h) is locally isometric to a metric of the form (16),
with g1 a piece of the round sphere. This contradicts the assumption on the
embedded collar. 
Note that, in particular, Corollary 4.4 states that the Poincare´-Einstein
metric
1
r2
( dr2 + (1− µ·r2/2)·g1 )
on some collar [0, ε)×M for an Einstein space (Mn, g1) of dimension n with
positive scalar curvature cannot be compactified, unless (M,g1) is confor-
mally flat. In particular, if M is closed and simply connected then (M,g1)
has to be (up to a constant scale) the round unit sphere Sn.
4.2. A global statement. For each special Einstein product g1 × g2 The-
orem 4.1 of [34] gives a Poincare´-Einstein collar. Using the relationship
between the conformal tractor connection and the ambient metric, it is
straightforward to see that by construction, the Poincare´-Einstein collar,
so obtained, has the same conformal holonomy group as its boundary. Both
holonomy groups are decomposable. In fact, it is also straightforward to see
that this equality of conformal holonomy groups of a boundary and its bulk
characterises, in the decomposable case, the Poincare´-Einstein collar metric
of [34] uniquely.
The following result states that Example 3.2 is the basic construction
principle for closed almost Einstein spaces, whose collar at the singularity
set is equivalent to the collar metric as introduced in [34].
Theorem 4.5. Assume that the space (Σ, cΣ) is conformal to a special Ein-
stein product Ar×Bs of dimension r+ s = d− 1 with metric g1× g2, where
Sc(g1) = r(r − 1). If (M
d, c, I) is a simply connected, closed, and directed
AE space with conformal infinity (Σ, cΣ) such that the conformal holonomy
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groups of (Σ, cΣ) and (M
n, c) coincide, then (A, g1) is isometric to (S
r, grd)
and (Md, c) is conformal to Sr+1 ×B with the metric grd × g2.
Proof. The volume form α := vol(g2) for g2 on B can be considered as
a parallel s-form on A × B with metric g1 × g2. This also means that α
is a normalised conformal Killing s-form on (Σ, cΣ) in the sense of [50, 48],
i.e., the corresponding (s+1)-form tractor K(α) is simple and parallel with
respect to the tractor connection ∇ on Σ. The existence of this (s + 1)-
form tractor implies the decomposability of the conformal holonomy group
Hol(Σ,T ). Since, by assumption, Hol(Σ,T ) = Hol(M,T ) and M is simply
connected, it follows that there exists a parallel and simple (s + 1)-form
tractor T on (M, c), whose restriction to T on Σ (which is in a natural and
unique way a subbundle of T on M , see [33, Theorem 4.5]) gives rise to
K(α). We denote by β the normalised conformal Killing s-form on (Mn, c),
which corresponds to T . Then, by construction, the pull back of the s-form
β, by the embedding ι : Σ→M , gives the s-form α.
We want to argue now that the s-form β has no zeros. This is clear on
the singularity set Σ, since ι∗β = α has no zeros. So let us consider β
on the bulk Mo of M with Poincare´-Einstein metric go and corresponding
almost Einstein structure I. Recall that the product of a real line with
the timelike cone over (Mo, go) gives rise to the Fefferman-Graham ambient
metric of (Mo, go) [50, 34]. Since, by construction, I−| T = 0, it is clear that
the (s+ 1)-form tractor T corresponds, via the Fefferman-Graham ambient
metric, in a unique way to a parallel and simple (s+1)-form Tˆ on the timelike
cone Mˆ over the bulk (Mo, go). This (s + 1)-form Tˆ has, by construction,
negative length, i.e., it can be expressed by a wedge product of one timelike
1-form and some simple spacelike s-form. (Note that the (s+1)-form Tˆ can
be interpreted as the volume form of the timelike cone over (B, g2).) This
shows that inserting the Euler vector t·∂t into Tˆ is nowhere vanishing. And,
since the pull back of the s-form (t·∂t)−| Tˆ via the embedding of M
o (as the
1-level) into the timelike cone gives rise to β, we can conclude that β has no
zeros on Mo.
Now we can choose a metric h in c such that β has constant length on
M . In this scale β is a parallel s-form (cf. [50]). Since (M,h) is simply
connected and closed, this proves that (M, c) is conformal to a special Ein-
stein product C × D with metric h1 × h2, where Sc(h1) > 0. However,
from Corollary 4.3 we know that g1 and h1 have positive constant sectional
curvature. Moreover, since C is closed and simply connected it has to be
the round sphere Sr+1. And, since Tˆ can be interpreted as the volume form
of the timelike cone over (B, g2), we conclude that (D,h2) is isometric to
(B, g2). Finally, since I−| T = 0, we see that I on M comes from an almost
Einstein structure on the factor Sr+1. This shows that the boundary space
Σ is Sr ×B with metric g1 × g2, where g1 is the standard sphere metric. 
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